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UoAyueHo 13 aeeycma 2010 z. 

HsynaroTca oco5Bie nepHOflH^ecKHe flBHJKeHHa (KpHTHnecKHe tomkh panra 1 HHTerpajibHO- 
ro OTo6pa>KeHHa) , HaiifleHHbie b pa5oTe M.Il. XapjiaMoea (MexanHKa TBepfloro Tejia, bbih. 37, 
2007) B HHTerpHpyeMoii 3&p^SH.e o /],BH>KeHHH rapocTaTa b abohhom nojie npn ycjiOBHax Ko- 
BajieBCKOH Ha MOMeHTBi HHepn,HH. HccjieflOBaHbi BOSMOJKHbie nepecTpoHKH BHyTpn MHOJKecTBa 
3THX pemeHHH b saBHCHMOCTH OT cymecTBeHHBix napaMBTpoB - oflHoro HHTerpajiBHoro h flByx 
4)H3HMecKHx. IlojiyHeHBi anajiHTHMecKHe ypaBneHHa pasflejiaiomero MHOJKecxBa h ero oco6eHHO- 
CTeK, yKasano KomriecT^o B03HHKaioiii,Hx o6jTacTeii c pasjiHiHbiM Ha6opoM pemeHHH. HaiifleH 
o6pa3 pa3flejiaion],ero MHOJKecTBa b npocTpancTBe napaMeTpoB, 3a/],aK)n],Hx 6H4)ypKaH,HOHHbie 
flHarpaMMBi na H303HepreTHMecKHx ypoBHax. BbrancjieHHa, CBa3aHHbie c npeo6pa30BaHHaMH 
MHoroHJienoB bbicokhx CTeneHeii, BBiHOjineHbi b KOMHbiOTepHOH CHCTeMe Mathematica 7. 

1 BBe/],eHHe 

B HeBbipojKfleHHoii HHTerpHpyeMoii raMHJibTOHOBOH CHCTeMe KpHTHi^iecKHe to^ikh panra 1 (Tax 
Ha3biBaeMbie oco5bie nepHOflHHecKHB flBHJKenHa) opranHSOBaHbi b noflCHCTeMbi c oflHoii CTene- 
HbK) CBo6oflbi. IlosTOMy B npHHu;Hne cooTBeTCTByK)Hi,He TpaeKTopHH o6pa3yiOT oflHonapaMexpH- 
necKHe ceMeiicTBa (npn 4>HKCHpoBaHHbix 4)H3HHecKHx napaivieTpax safla^H). CaM 4)aKT nocxpo- 
eHHa nepHOflHHecKHx pemeHHii Bcer^a hmcbt b flHHaMHKe oco6oe 3HaHeHHe. Ho BaacHOCTb Hccjie- 
flOBaHHa TaKHx ceMeiicTB, KpoMe SToro, coctoht TaKJKe h b tom, hto b CHCTCMax c TpeMa CTene- 
HaMH CBo6oflbi Hx 6H4)ypKaLi,HH nopojKflaHJT nepecTpoiiKH thhob hjiockhx ceneHHii 6H45ypKaLi,H- 
OHHbix flHarpaMM 3aflaHH b Li,ejTOM. B cjiynae KoBajieBCKoii-PeitMaHa-CeMeHOBa-TaH-IIIaHCKoro 
[T] npH OTcyTCTBHHH THpocTaTHHecKoro MOMeHTa A (bojthok b flBOHHOM nojie) aBHoe npeflCTaB- 
jieHHe 3aBHCHMOCTH oco6bix nepHOflHMecKHx flBHJKeHHH (On/J) OT oflHoro HHTerpcuibHoro na- 
paMBTpa no3BOjiHjiH nojiyMHTb [2] nojinyio KjiaccH4)HKaLi,HK3 6H4)ypKaLi,HOHHbix flnarpaMM Y^u 
HHTerpajibHoro OTo6pa>KeHHa Ha H303HepreTHMecKHx noBepxHOCTax H — h, T.e. nocTpoHTb pas- 
flejiaiomee MHOJKecTBO na hjiockocth (h, 7), r^e 7 - eflHHCTBeHHbiii cymecTBeHHbiii 4)H3HHecKHii 
napaMeTp 3&fl,aHrL (oTHomeHHe HanpajKeHHOCTeii chjiobbix nojieii). IlpH A 7^ (rnpocTaT b flBoii- 
HOM nojie) Bce kphthhbckhb tohkh panra 1 TaKJKe Haitflenbi n ypaBneHHa cooTBeTCTByioni,Hx 
Onfl HHTerpHpyroTCa b sjijiHHTHi^ecKHX 4)yHKH,Hax. OflnaKO 3th penienna yflajiocB BBiHHcaTb 

^Pa6oTa BbiHOJiHena npn (JinnancoBOH nofl^ep^KKe rpanxa POOH n A/],MHHHCTpan,HH Bojrro- 
rpaflCKoii o5jiacTH JV^ 10-01-97001. 



JIHniB B SaBHCHMOCTH OT flByX HetJjHSHHeCKHX napaMBTpOB, CBaSaHHBIX ypaBHCHHeM BBICOKOii 

CTeneHH. Mepes sth ace napaMeTpBi BBipajKeHBi h nocToaHHBie o6in,Hx HHTerpajiOB. 3to yflo6HO 
fljia iHCjreHHoro nocTpoeHHa njrocKHx flHarpaMM E/i, TaK KaK npH 3aflaHHOM h 94)4>eKTHBHO 

BBIHHCJiaiOTCa BCe rpaHHHHBie TOHKH OflHOMepHBIX CerMeHTOB. IIonBITKH aBHO OHHCaTB COOTBeT- 

CTByMmHe pasflejraiomHe noBepxHOCTH b npocTpancTBe (/i, 7, A), Ha3BaHHBie aTjiacoM 6H4'ypKa- 
n,HOHHBix flHarpaMM [J, eme He npHBejiH k OKOH'^aTeJIBHOMy pesyjiBTaxy. B HacToameii pa6o- 
Te BBinojiHeHO HCCJieflOBaHHe ycjiOBHii cymecTBOBanHa h 6H4)ypKaLi,HH OH^, BbinHcaHbi aBHBie 
ypaBHeHHa cooTBeTCTByK)in,Hx pasflejiaiomHx noBepxHOCTefl. Otmcthm, hto MHorne Bbi'^iHCjieHHa 
BBinojTHeHbi B KOMnbroTepHoii CHCTeMe Mathematica 7 (Academic License # L3298-7174) BBHfly 

KpailHe BBICOKHX BBIHHCJTHTejIBHblX CJIOJKHOCTeH. ITpH 3TOM BO BCeX CJTy^aaX yflajTOCb npoBecTH 

HCCjieflOBaHHC nojiHOCTBK), flOKasaxb Bce yTBep>K/],eHHa o KOjiH^iecTBe h xapaKTepe pemeHHii xex 
HJiH HHbix ypaBHeHHH. HecMOTpa Ha HcnojibsOBanHe KOMHbiOTepHbix TCXHOjiorHH, Bce paccyjK- 
flCHHa, npeflCTaBjieHHbie hhjkb, aBjiaiOTca flOKaaaTCjibCTBaMH, nocKOjibKy onncaHbi Bce sxanbi 
Bbi'^iHCjieHHH, npeflTjaBjreHbi npoMejKyTOHHbie pesyjibTaTbi, h jiK)6oe BbiHHCjieHHe npn Heo6xo- 

flHMOCTH MOJKCT 5bITb JiePKO HOBTOpeHO. Pafl peSyjIBTaTOB BblBeCTH «BpyHHyK)» yjKe HejTb3a. B 

TO jKe BpeMa, b 6ojibmHHCTBe cjiynaeB nojiy^iHTb otbct nanpaMyio He noMoraeT h KOMHbiOTep 
- Heo6xoflHMO yBHfleTb H 3aflaTb b KOMHbiOTepHoii CHCTeMe nyjKHyK) noflCTaHOBKy. nosTOMy, 
necMOTpa na cjaaHTacTH^ecKHe bosmojkhocth chctcm aHaJIHTH'^ecKHx BbiHHCjieHHii, pojib Hccjie- 
flOBaTejia HO-HpejKHeMy ocTaeTca pemaioni,eii. 



2 Mcxo^Hbie ypaBHGHHH 



DycTb a, f3 - xapaKTepHCTHHCCKHe bcktopbi BsanMHO opToronajibHbix chjiobbix nojieii c MOfl,y- 
jiaMH \a\ = a, |/3| = b H 

a > 6 > 0. (1) 

DycTb CjJ - yrjiOBaa CKopocTb Tejra, A - eflHHCTBenHaa OTJiH'^iHaa ot nyjia, oceBaa KOMHoneHTa 
BeKTopa rHpocTaTHHecKoro MOMeHTa. BbipajKenna cjjaaoBbix HepenieKHbix lepes BCHOMoraTejib- 
HyiG HepeMeHHyio w — lo\ + L02 ^ Q OHHCbiBaiOTca ypaBHennaMH (30) pa6oTbi B sthx Bbipa- 
jKCHHax 4)HrypHpyiOT 4>H3HHecKHe napaMCTpbi A, p, r [p = yj o? -^IP- > r = \/ — > 0), a 
TaKJKe flBa napaMCTpa a, u, nepsbiii h3 KOTopbix ecTb HeoHpeflejienHbiii MHOJKHTejib JlarpanjKa 
B jiHHeHHoit saBHCHMOCTH flH4)4>epeHn,HajiOB o6m,Hx HHTerpajiOB, h HOTOMy caM aBJiaeTca nacT- 
HbiM HHTerpajTOM Ha paccMaTpHBaeMbix TpaeKTopnax, a BTopoli - BcnoMoraTejibHbiii napaMCTp, 
BBefleHHbiii b Hpon,ecce Bbi'^iHCjienHH c n,ejibio nojiy^ieHHa npocTbix 4)opMyji h CBasanHbiii c a 
ypaBHenneM 

L = A2(A2 + afv;' + (A^ + o-)[2/a4 - (A^ + afa]au'+ 



+r''AV^M^ + 2r^AV*(A" + afu' - r^AV" = 0. 
3aBHCHMOCTb w OT BpeMBHH OHHCbiBaeTca ypaBHenneM 



(2) 



rfle P4{w) — P+{w)P-{w) H 



P±(w) = w +2a — 111 + 



X^U (A2+cr)A27i2 

B MacTHOCTH, ycjiOBHa BemecTBeHHOCTH pemeHHii hmcmt bha CHCTeMbi HepanencTB 

Piiw) < 0, w^O, (4) 

HCCJIBflOBaHHe COBMeCTHOCTH KOTOpblX SyflCM HpOBOflHTb B HJIOCKOCTH (o", A) C yHBTOM SaBHCH- 
MOCTH OT a,b. XoTa cym,ecTBeHHbiM aBjraeTCa jTHmb OTHOmenne 7 = b/a £ (0, 1), coxpannM b 



o6mHx ypaBHCHHax o6a napaMeipa fljia bosmojkhocth b 6yflyiLi,eM HcnojibsOBaTB jiio6Bie npe- 
flejiBHBie nepexoflBi. OxMeTHM, mto bo Bcex npHBefleHHbix 4>opMyjTax BCTpenaiOTca jiHinb neTHBie 
CTeneHH A, nosTOMy floCTaTOHHO paccMOTpeTB nojiynjiocKOCTB X ^ 0. HajKe Bce yTBep>KfleHHH 
4)opMyjiHpyK)Tca fljia SToii nojiynjiocKOCTH, hto oco6o y>Ke ne oroBapHBaeTca. IIpH (J)HKCHpo- 
BaHHBix a, X HMeeTca flo naTH 3HaMeHHH u, yflOBJieTBopaiomHx ([2]). HeKOTopBiM h3 hhx coot- 
BCTCTByMT pemeHHa ypaBHCHHa Q npH ycjiOBHax Q, npHHeM TaKHX pemeHHii mojkbt 6bitb 
H HecKOjiBKO, ecjiH MHO>KecTBO ([4)) HecBasHO. HycTB 7^(0", A, m) - Ha6op pemeHHii ((3)) KaK co- 

BOKyHHOCTB reOMeTpHHCCKHX oSTaCKTOB Ha HJIOCKOCTH (w , w) H HyCTB ^((T, A) — Uu V {(T, X, u) . 

npHMCHHTejiBHO K safla^e KOjiHHecTBeHHoii KJiaccH(J)HKan,HH OH^ HaaoBeM paadeARmtnuM mho- 
McecmeoM HOflMHOJKecTBO 5 b hjtockocth (o", a), HpH nepexofle ^epes KOTopoe MenaeTca Ha6op 
P(a", A). Cpasy >Ke otmcthm nacTB iSo pa3flejiaion],ero MHO>KecTBa S, cocToamyio h3 KOopflHHaT- 
HBix oceii H 0C060H Hapa6ojiBi 11 : X^ + a = 0. Ha stom MHOJKecTBe BBipajKenna fljia aBHBix 
pemeHHii, BBinncanHBie b [3], HMeiOT oco6eHHOCTH. KaK noKasano b [5], oco6eHHOCTB na napa- 
6ojTe ycTpaHHMa npeflejiBHBiM nepexoflOM, oflnaKO nepecTpoiiKH b MHoacecTBe ^(cr, A) npn stom 

He HCKJHOHeHBI. 



3 IlepBoe pa3/],ejiHioii],ee MHo:a<:ecTBO 

IlepHOflHHecKHe pemenHa HpeTepneBaMT 6H45ypKaH,HH npn nepexofle ^^epes HenoflBHJKHBie tom- 

KH, KOTOpbie COOTBeTCTByiOT KpaTHOMy KOpHM MHOrOMJieHa P4. 7I,HCKpHMHHaHTfcI MHOrOIJieHOB 
P± HMeMT BHfl 

^4/^2"! — TT-^i' D± = [r'X^a±{X^ + a)ufa'^ - X'^u'^. 

SaMenaHHe 1 (1). 3decb u daAee e peayAtmaHmax u ducKpuMUHanmax uac UHmepecyem jiumt 
ux saeucuMOcnib om napajviempoe [eoaMOOtCHocrm, o6paineHU^ e nyjib) u, e omdeAbHux CAyna- 
nx, ux 3naK. HosmoMy, Bar npocmomu aanucu, numeM ebipaotcenu^, umcr e eudy paeeucmeo 
c moHHocmbw do noAOMcumeAbnogo hucaobozo MHOOtcumeAn. 

B COOTBeTCTBHH C STOii flOrOBOpeHHOCTBK), peSyjIBTaHTbl MHOrOHJieHOB D± C MHOrOHJienOM 

L HO HepeMeHHoii u paBHBi r^®(p^ ±r^)'^ X?''^ a^^ {X"^ +(t)"^. 3th snaneHHa ne o6pam,aK)Tca b nyjiB 
3a HpeflejraMH So- CjieflOBaTejTbHO, KpaTHBiii Kopenb P4 mtokct 6bitb jinmb o5m,HM KopneM P+ 
H P_. Torfla, KaK h flOjTJKHO 6BiTb B nenoflBHJKHoii TOHKe, stot Kopenb HyjieBoii. HosTOMy 

Po{u) ^u^ - (A^ + cr)cr^u^ + r'^X^a^ = 0. (5) 

npnpaBHHBaeM k nyjiro pesyjiBTaHT MHoroHjieHOB L a Po ao u, nojiy^HM 

r'^'X^^a^^iX^ + af {r* + r^dp'X* + A« - ^X^p" + X*)a - 2{2p^ + X^)a^ + 

+4X^a^ + 2a^] - [a{X^ + a) - 2p'f[2p'X^ - a^{X^ + a f}]} = 0. 

Bne So floCTaTOHHO naiiTH nyjiH BBipaaceHHa b (jsHrypnoii ckoSkc, KOTopoe pasjraraeTca na mho- 
jKHTejiH B BHfle QiQ2Q3Qa- ITosTOMy nepBoe pa3flejTaK)m,ee MHoacecTBO (IIPM) b cocTaBe S — 

MCTBipe KpHBbie 

Qi = (a - hf + (a + b)X^ - (A^ + cr)(7 = 0, 
ga = (a + hf + {a- b^X^ - (A^ + a)a = 0, 
Q3 = (a + bf -{a- b)X^ - (A^ + a)a = 0, 
Q4 = {a- bf - (a + b)X'^ - (A^ + a)a = 0. 

CaMH 3TH KpHBBie 6yfleM o6o3HaHaTB TaK >Ke, KaK h jieBbie nacTH ypaBHeHHii - nepea Qi — Q4, a 
Hx 06'beflHHeHHe - Hepes Si. SnaHeiiaii sneprHH b nenoflBHJKHBix TOHKax Tejia b flBoiinoM none 



?.9 



xopomo H3BecTHbi (cm., HanpHMcp, 6J). B pa6oTe [3] BBinojiHen cflBHr sneprHH na KOHCTaHTy. 
IIpHMeM 3flecB CTaHflapTHoe BBipasceHHe HHTerpajia sneprHH 

H = uji+u;i + ^U}1 - (qi + /?2), 



Torfla ero KpHTH^ecKHe SHa^ienna TaKOBBi 



h = ±a±h. 



(6) 



HoKajKeM, KaK nojiyMHTB hx b TOHKax ITPM. HcKJTMHaa CTapmne CTenenH u b MHoroMJienax Pq 
H L, Ha KpHBBix Qi HaiifleM 



wi,2 = (a ± fe)A CT, ii3_4 = (—a ± 6)A cr. 



(7) 



IIoflCTaBHM B 4)yHKLi,HK) J/ 3HaHeHHa 4)a30BBix nepeMeHHBix, nojiy^ieHHBie h3 BBipajKeHHii (8), 
(30) pa6oTBi [3]: 



u'\' ~ r^AV^(A" + 2a) + uV"(A" + a)(A" + 2a) 
2u2A2a(A2 + a) 



(8) 



HCKJIIOHHM OTCIOfla Vt' C HOMOmBK) yCJIOBHS Q , H nOflCTaBHM Ui H3 (O . IIojiyHHM KpHTHHeCKHS 

3Ha'^ieHHa ([6|), 3aHyMepoBaHHBie b nopaflKe B03pacTaHHa. 




a 




b 



Phc. 1: HepBoe h BTopoe pas^ejiHiomHe MHOJKecTBa. 
FeoMeTpna IIPM onpeflejiaeTca cjreflyMmHM HenocpeflCTBeHHO npoBepaeMBiM yTBepjKfleHH- 

eM. 

IIpefljioMceHHe 1. Uepeoe paadeAMwmee MHootcecmeo UMeem poena nemupe Kpamuhie mouKU 
npu A > 



sde 



.(12) 



g^-' = {-a ± V4a2 + IP, y/2a), g^^^ = (-6 ± Va^ + 46^, \/26), (9) 
Hembipe moHKu nepeceueHu^ c ocbw A = {KaMcdan npuHadjieoKum deyM KpueuM) 

Qi n Q4 n {A = 0} = {{-a + b, 0), (a - b, 0)}, 
Q2 n Q3 n {A = 0} = {(-a - b, 0), (a + b, 0)}, 
dee moHKU nepeceueHu^i c ocbw a — 

Q3 n {a = 0} = f 0, 4= V Q4n{a = 0} = fo, °' 



u (?ee moHKu nepeceneHUR c oco6ou napa6ojiou 



Hs HaiifleHHbix BbipajKeHHii fljia KOopflHHaT KpaTHBix tohck cjie^yeT, ^to nepece^ieHHa Tpex 

KpHBBIX Qi B OflHOii TOHKC HeB03M0>KHBI. TaKHM o5pa30M, MHOJKeCTBO Si BMeCTC C OTMeHeHHBIM 

panee oco5bim MHOJKecTBOM So pa36HBaeT BepxHroio nojiynjrocKOCTB na 19 o6jiacTeH (pnc. (TJ a, 
niTpHxoBoii jiHHueii noKaaana oco6aa napa6ojia). 

4 BTopoe pas^ejiHiomee MHo:a<:ecTBO 

KojiHHecTBO peineHHH b saBHCHMOCTH OT napaMCTpoB MOJKeT HSMenaTBca npn nepexofle l^epe3 
TaKHe 3Hal^eHHa, npH KOTopBix ypaBneHHe ([2]) HMeeT KpaTHBiii KopeHB no it. Ha30BeM sto mho- 
jKecTBO napaMSTpoB btopbim pasflejiaromHM MHO>KecTBOM (BPM) h o6o3Ha'^iHM Hepe3 52. H3 
ycjiOBHa L'^ = 0, yiHTBiBaa, hto b u 0, ^OJIy'^HM 



YcjiOBHe coBMecTHOCTH HO u ypaBHeHHH ([21, pop 3a npeflejiaMH So npHBOflHT k ypaBHenHK) 

Rl = 27r»Ai« - 256a(A2 + aflaiX"" + af - 2p''X*f + 

+864r*AV(A2 + af[5a{X' + af - 2p^A*] = 0. ^^^^ 

T^jia ero ynpomeHHa 3aMeTHM, "^ito b BbipajKeHHn Rl napaMeTpBi X,a BxoflaT b bh^c onpefle- 
jreHHoii KOM6HHaD;HH. 06o3Ha'^iHM 

V-'-^^^, (12) 
Torfla ypaBHeHHe nepenHinexca b BHfle 

Rl = V'^ - 24pV^ + 6{32p^ - 45r^)y^ - 16p^(32p'' - 27r'')V - 27r^ = 0. (13) 

IIpefljio>KeHHe 2. B o6Aacmu napaMcmpoe ([T]) ypaeneHue H13|) uMeem poena dea eeu^ecmeeH- 
wbix KopHfi Vi , V2 npomueonoAOMCHUx auaKoe 

Vl = (Xi + >f2)^ > 0, V2 = (>fi - ><2)^ < 0. (14) 



/[oKaaamejibcmeo. HenocpeflCTBeHHoe Bbi'^iHCjieHne Kopneii o6o3pHMbix BBipajKCHHii ne ^aeT. 
BbinojiHHM noflCTanoBKy V — ,r = q'^ , nojiyMHM paajiosceHHe _R£ — P1P2, rfle 

Pi = + 8p^W + Qq^W^ - W^, 

P2 = 9g'® - 2'ip'^q^W + GAp^W^ - ISq^^W^ - ASp'^q^W^ + SQq^W^- 
-Wp^W'' + 6q*W^ + . 

;i;HCKpHMHHaHT P2 paBBH T-^^ ^ ^ {512p'^ - 169r'^ f {p^ - r^f (cm. saMenaHHe 1), nosTOMy b o6jiacTH 
(fT|) MHoro'^iJieH P2 KpaTHbix Kopneii ne HMeeT, a •^acjienHa.n npoBepxa flaeT Bce KOMnjieKCHbie 
KopHH. BbiHHCjieHHe Kopneii Pi npHBOflHT k BbipajKeHHaM 



ei ^r4/3 + (p4_ ^4)1/3 + £2 J 2r4/3 _ (p4 _ ^4) 1/3 + 



2p2 



3 + (p4 _ j.4)l/3 



rfle = ±1. SaMBTHM, mto 



^r4/3 + (p4_ ^4)1/3 



[2//^ - {p* - r^)'^'f = 3(p* - /)^/^ > 0, 



nosTOMy BemecTBeHHbie KopHH OTBeMaiOT tojibko anaMeHHio ei = 1. HpoHSBefleHHe Bcex Kopneit 
OTpHi;aTejibHO, nosTOMy napa BemecTBeHHBix Kopneii HMeeT pasHbie snaKH, ho, o^eBHflHO, ^to 
KopeHb c £2 = 1 nojiojKHTejibHBiii. YTBepjKfleHHe flOKaaano. □ 

Tenepb KpiiBbie b cocTaBe BPM jierKO CTpoaTca hhcjichho (piic. (TJ b). YfloGHO bbcctii na- 
paMeTpH3aLi,Hio, nojiojKHB a — sX^. Torfla h3 H12|) nojiyHHM cjie/],yioin,He TpH bbtbh BPM: 



Da - = 4*/ TT7~ — v<' ^ ^ 7:\ ~F7~T~T^y s G (— 00, — 1); 

KaK BHflHO H3 pHC. [Jl 6 KpuBbic B cocTaBe 52 BMecTe c MHOJKecTBOM So flejisT BepxHioio nojiy- 
njiocKOCTb Ha niecTb o6jiacTeH. B KajKflofi h3 hhx coxpanaeTca KOJiH'^iecTBO Kopneii MHoroHJiena 
L{u). 3aMeTHM, ^to L{0) = —r^X^a^ o6paiti;aeTca b nyjib TOJibKO na ocax KOopflHHaT. IIosto- 
My b KajKfloii h3 o6jiacTeH ne MoryT H3MeHaTbca h snaKH KopHeit. Tenepb bck) Heo6xo/],HMyio 
HH4)opMaii,iiio o Kopnax L(u) jierKO nojiyHHTb ^acjieaHO. 

TJjia HaxojKfleHHa 3Ha^ieHHa 3HeprnH, OTBenaiomero sthm pa3flejiaioin,HM cjiynaaM, Heo6xo- 
flHMO Bbipa3HTb o6iLi,Hii KopeHb It ypaBHeHHH ([2|, (|10p . /l^Jia SToro b flonojiHeHHe k (|12p Bbinoji- 
HHM noflCTaHOBKy it = ayj X?aZ . CncTeMa ypaBHeHHH npHMex bha 

{2VY!'''Z^ [8p2 -V ^ 2{2Vy^''Z] + 4r'' [{2Vf^'^ + 2Z] Z^ - 8r» = 0, 

(16) 

(2V)^/^Z2 [I6p^ -2V + 5{2Vy^^Z] + Ar^ [{2Vf^^ + SZ] = 0. 

YcjiOBHe ee coBMecTHOCTH no Z, ecTecTBenno, flaeT ypaBnenne p3p c peinenHaMH (I14p . HpHpaB- 
HaeM K nyjiio peayjibTanT jieBbix HacTeii p6ll no nepeMeHnoii V^^'^, nojiynnM 

/(p''-/)Z"(Z='-4/)'' = 0, 



a nocKOjiBKy h3 nepBoro ypaBHeHHa (|16ll cjieflyeT, mto Z ^ 0, to Z — ri/Ar, h, cjieflOBaTejiBHO, 
KpaTHbiii KopeHb L{u) paBen it = ra \/ ArX^a . IIoflCTaBjiaa sto sna^ienHe bmbctc c (|15p b ([8|1 . 
HaiifleM 

s{2s + l)V^'^ + {2s^ + s-l)r^'^ 

4Vs(l + s)3Fl/6 

Sflecb V = Vi,2 corjiacHO p4|) . a npoMejKyTOK HSMeneHna napaivieTpa s onpeflejraeTca b cooTBeT- 
CTBHH c ypaBHeHHaMH (|15[1 . Ha (|15p BOSbMeM (JjopMyjibi h fljia A(s). ITojiyHHM, nocjre nepexofla 
K 6e3pa3MepHbiM nepeMennbiM h/a, h/a, \/ ^/a, napaivieTpHHecKHe ypaBHenna pasflejiaiomeit no- 
BepxHOCTH fljia KJiaccH4)HKaD;HH 6H4)ypKaD;HOHHbix flHarpaMM na HSOsnepreTHHecKHx ypoBHax, 
paapemaiomHe neaBHbie ypaBHeHHa pa6oTbi [4]. Bojiee Toro, npoMajKyTKH HSMensHHa s onpe- 
flejiaKjT ycjiOBHa, npn KOTopbix fleitcTBHTejibHO peajiHsyiOTca HepecTpoiiKH TaKHx flnarpaMM. B 
CHjiy orpaHHMeHHOCTH o6'beMa ny6jiHKaH,HH, mm hc npHBOflHM HjijiK)CTpaH,HH, KOTopbie Tenepb 
jierKO MoryT 6biTb HOCTpoenbi. 

5 IlepeceHeHHH pas^ejiaiomnx MHo:a<:ecTB 

^jia Toro HTo6bi HOjiy^iHTb o6ni,yK3 KapTHHy na hjiockocth ((t, A), naitfleM HepeceneHHa 52 c 

KpHBblMH Qi, COCTaBJiaiOni,HMH Si. 

OcTanoBHMca 6ojiee HOflpoSno na nepeceMeHHH 52 H Qi. Hs ypaBHeHHa Qi BbipasHM 



{a-bf 



(18) 



a + b — a 

H HOflCTaBHM B ypaBHBHHe IIojTyHHM Ml{(j)Ni[a) — 0, rfle 

Ml = (a - bf{a + 6) - A{a^ - b^ fo + 6(a - bf{a + b)o'^- 
-A{a-bf(j^ + {a + b)G^, 

= 27(a-&)2(a + fe)«, 

= -4(a + 6)(53a^ - 270a^fe + 1131a^fe^ - 1188a^fo^ + llSla^fe"- 

- 270a6'5 + 536'^), 

^2 = 2(a + 6)^(331a^ - 3342a^6 + 9525o''fe^ - 12516a^&^ + 9525a^6''- 

- 3342a6^ +3316^), 

As = -12(a2 - 62)(75„6 _ 286a^6 - 1547a^b'^ + 2236a^b^- 

- 1547a^b'^ ~ 286ab^ + TSb**), 

Ai = -(75a* - 14492a''fe + 394040*^6^ + 12444a^b3 - 50286a''6*+ 

+ 12444a^b^ + 394040^6"^ - 14492afo'' + 756**), 
A5 = 8{a^ - b^){267a^ - 2986o=^6 - 1627o''6^ + 6068a^6=* - 1627a'^b-^- 

- 2986a6^ + 2676*^), 

Ad = -12(273a** - 5492a^b'^ + 6342a^b'' - 54920^6*^ + 2736*), 

Ai2-^{a,b) = Ai{a,~b) (i = 0, ...,5). 

KopHH All OTBenaiOT sa tohkh Kacanna kphbbix 52 h Qi, a KopHH A'^i OTBBMaMT sa toikh 
TpancBepcajibHoro nepeceneHHa kphbbix 52 h Qi. Hs sthx Kopnefi Heo6xoflHMO BsaTb jinnib Te, 



KOTopBie o6ecneMHBaiOT BemecTBeHHbiii KopeHB ypaBHeHHa (|18p OTHOCHTejiBHO A, T.e. yflOBjie- 
TBoparomHe nepaBencTBy 

Pi{a) ^ [a^ - {a - bf]{a + b - a) ^ 0. (19) 

KojiHMecTBO H B3aHMHoe pacnojioiKeHHe TaKHx Kopneii MOJKeT HSMeHHTBca jihiiib b cjieflyromHx 
cjiy^aax: oflHH h3 MHoroHjreHOB Mi , Ni HMeex o6iii,hh KopeHB c Pi , jih6o o/],hh h3 sthx mhofo- 
MjieHOB HMeeT KpaTHBiii KopeHB B o6jiacTH (|19p . BbiMHCJiaeM pesyjiBTaHTbi 

Res(Mi,Pi,(j) = -a''6''(a- 6)«(a + &); 
Res{Ni,Pi,a) = -ai«fei«(a - fe)20(a + 
Res(Mi,Mi,cr) = -a%*{a-bf{a + bf; 

Res{Ni,Ni,a) = a''%'"^{a - bf^'^ia + bf^'iMia^ + l^i^a^b^ + 3436*)^ 

CaMbiM yflHBHTejTBHbiM aBjiaBTca, KOHel^HO, nocjieflHHii. B hbm OT5pomeHHbiii 3flecb "^iHCjiOBoit 
MHO>KHTejib coflepjKHT 76 li,h4)P h paBCH 2^x3 , oflHaKO, BbiHHCjiaeTca tohho. Hh oflHO h3 no- 
jiynenHbix BbipajKeHHH b Hyjib He o6paiii,aeTca, nosTOMy KanecTBeHHaa CTpyKxypa MHOJKecTBa 
1S2 n Qi He 3aBHCHT OT HapaMexpoB a, 6 b BbiSpaHHoii o6jTacTH hx H3MeHeHHa. CjieflOBaxejib- 
HO, HHCjieHHoe pemeHHe nojiHOCTbro onpeflejiaeT h KanecTBeHHyio KapTHHy. HaxoflHM, hto Afi 
HMeeT eflHHCTBeHHbiii Kopenb b o5jiacTH (|19ll h oh flaeT TOHKy Kacanna Qi c KpHBoii Db- Mho- 
roHJien A'^i xaKJKe HMeeT eflHHCTBeHHbiii Kopenb b yKa3aHHOH o6jiacTH. Oh HopojKflaeT TOHKy 
TpancBepcajibHoro nepeceMenHa Qi c kphboh Da (pnc. [21 a). 




c d 



Phc. 2: IlepeceHeHHH ^2 H Qi- 



^7 



PaccMOTpHM nepeceneHHe SiHQ'z- Otmbthm, ^to see ypaBHeHHa nojiynaroTca h3 ypasHeHHii 
fljia Qi saMeHoii b — >■ —6, nosTOMy sepHbi BbiBOflbi 06 OTcyxcTEHH KaKHx-jiH6o o6iii;hx hjih 
KpaTHbix Kopneii y cooTBeTCTByMmHx MHoroHjienoB P2,M2,N2, T.e. Ka^^iecTBeHHaa KapTHna ot 
napameTpoB CHOBa ne aaBHCHT. HaxoflHM, hto KpHBaa Q2 HMeeT poBHO Oflny TOHKy nepeceMenHa 
c 52 Ha BeTBH Da h pobho Oflny TOMKy Kacanaa c BeTBbio Db (pnc. [2] b). 

SaMe^aa, ^to cjiynaii c kphboh Qs nojiynaeTca h3 npeflbiflymero saivieHOH — >■ —A , a — >■ —a, 
c noMombK) aHanorHHHbix BbiKjiaflOK h paccyjKfleHHii HaxoflHM, hto KpHBaa Q3 HMeex poBHO ho 
oflHOH TOMKe HepeceneHHa c Ka^Kfloii h3 BCTBeii Da ,Db,Dc h opfiy TOHKy Kacanna c BeTBbio 
Dc (PHC.[2 c). 

^jia Hepece^eHHa 52 H Qa Bce ypaBnenna HOjiy^iaiOTca h3 ypaBHenHii fljia Q3 saMeHoit 
b — >■ — b. HaxoflHM, ito KpHBaa Q4 HMeeT poBHO ho oflHoii tomkb nepeceneHHa c Ka>K/],OH h3 
BeTBeii Da, Db, Dc h o^ny TOHKy Kacanna c BeTBbK) Do- ToHKa Q^HDc hmbbt OTpHH,aTejibHyK) 
KOopflHHaTy a ho MOflyjTM na HopaflKH 6ojibme ocTajibHbix (nanpHMep, fljia a = 1, & = 0.5 STa 
TOHKa HMeeT KOopflnnaTbi a ~ —1104.12; A ~ 33.25), HOSTOMy na pnc. [21 d ona noKasana 

yCJIOBHO. 



TJjia HOi^iTH Bcex 3Ha'^eHHH cjDHSHHecKHx HapaMeTpoB a, b CTpyKTypa pa3flejiaK)m,ero MHOscecTBa 
5 HOjiHOCTbK) OHpeflejiBHa. IlepecTpoHKH SToii CTpyKTypbi ho yKasannbiM HapaMeTpaM MoryT 
OTBenaTb jinnib cjiy^aaM HajiHHHa b cocTaBe pasflejiaromero MHOJKecTBa tohbk KpaTHOCTH Tpn 
H Bbime. KaK OTMeneno panee, nepeceneHHa Tpex Qi Bcerfla nycTbi, HOSTOMy tohck KpaTHO- 
CTH HBTbipe He cyHiecTByeT, a tohkh KpaTHOCTH Tpn bosmojkhbi jTHnib fljia laKHx anaMeHHii 
HapaMeTpoB a, b, npn KOTopbix fljia neKOTopoii napbi HHfleKCOB i j 



SaMeTHM, HTO 3TO >Ke ycjiOBHe HBjiaeTca Heo6xoflHMbiM h floCTaTOHHbiM fljia Toro, HTo6bi npn 
nepexofle napaMeTpoB a, b nepes aaflannbie snaMeHHa motjio HSMenHTbca h BsaHMHoe pacnojio- 
jKeHHe ToneK flByx pasjiHHHbix MHOscecTB 52 n Qi. 

CorjiacHO HpefljiojKeHHKt 1 HMeeTca Bcero neTbipe tohkh, HpHHafljie>KaHi,He npn A > nape 
MHOJKecTB Qi, a HMeHHO, TOHKH ((9]). fljia HCCjieflOBaHHa cjrynaa (|20p Heo6xoflHMO nponepHTb 
BOSMOJKHOCTb gjj"'' € 52, MTO 03HaHaeT paBencTBO RL{q±.''^) = 0. HivieeM 



6 IlepecTpoHKH pas^ejiaiomero MHo:acecTBa 



52 n Qi n / 0. 



(20) 



i?L(gi"') = 1024a"'(Ai ±^2)X, X =(b/af>0, 



rfle 



Ai = 1 + 32X + nSX^ - 1756X^ - 10511X'' + 8388X^5 + 
+ 143104^^ + 221840^'^ - 768X*); 




YpaBHeHHe Ai — A2 ~ y>Ke ne coflepacHT napaMeTpoB h HMeeT poBHO flBa HOJio>KHTejibHbix 
Kopna 



b/a = 7, 0.17865486876 (TO^Ka gi."', a < 0), 
b/a = 7* 0.44041017065 (TOHKa q':^'^\ a > 0). 



IIpH 3TOM nepBbiii h3 hhx aBjiaexca KopneM MHoroHjiena b nocjieflHeii CKo6Ke (|2ip . T.e. npocTbiM 
KopneM, H nosTOMy b cooTBCTCTByromeM cjiynae Bce Tpn KpHBbie nepeceKaiOTca TpaHCBepcajibHO, 
a BTopoii aBjiaexca KopneM MHoroHjiena bo BTopoH CKoSKe ()2ip . Bxoflamefi b sto ypaBHeHne b 
KBaflpaTe, h nosTOMy, aBJiaacb xpaTHbiM KopneM, CBasan c TOHKaMH KacaHHa. Pasflejiaioinee 
MHOJKecTBO fljia 3HaHeHHii (|22p noKaaano na pHC. [3l Bhaho, hto nepBoe SHaneHHe (pnc. O a) 
OTBe^aeT cjiyMaro, Kor^a KpnBbie Qi h Q3 nepeceKaiOTca na bctbh Da, BTopoe (pnc. [31 6) - 
cjiynaio, Korfla TOMKa KacaHHa kphbbix Dc h Qi naxoflHTca na KpHBoii Q3, hto h oStacnaeT 
KpaTHOCTb flaHHoro SHaneHHa b/a b ypaBHeHHH (|21[1 . 
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Phc. 3: IlepecTpoHKH o6jiacTeH b OKpecTHOCTii b/a = 7*,7*. 

o (12) (13) „ "I, 

oaMeTHM Tenepb, "^ito tomkh qj_ nojiy^iaiOTCa h3 qj_ nepecTaaOBKOH 3HaHeHHH a m b, 
a 4)yHKLi,Ha Rl ot TaKoii nepecTanoBKH ne HaMeaaeTca. DosTOMy, npoBOfla anajiorHHHbie bbi- 
MHCJieHHa fljia tohck q±/^\ npHfleM k ypaBHenaK) BHfla (|2ip . b KOTopoM y>Ke V = a/6. TJjia 
SToro OTHomeHHa HaiifleHHbie Bbime KopHH aBjraMTca nocTopoHHHMH, TaK KaK a/b > 1. TaKHM 
o6p£i30M, 3TOT cjiynaii He peannayeTca npn flonycTHMbix SHa^enan napaMCTpoB. 

HiaK, nocTpoeHHoe MHOJKecTBO S pa36HBaeT BepxHioio nojiynjiocKOCTb napaMeTpoB (a, A) 

Ha 35 OTKpblTblX o6jiaCTeH, KOTOpbie HeCJIOJKHO SaKOflnpOBaTb B COOTBeTCTBHH c HOMepaMH Ha- 

pbi o6jTacTeH, HopojKflCHHbix HepBbiM H BTopbiM pa3/],ejiaioni,HMH MHO>KecTBaMH. IIpH Hepexofle 
Hepes SHaneHHa H22|) Oflna h3 TaKHx oSjiacTeii HcnesaeT, BsaMea noaBjiaexca o6jiacTb yace c 

flPyrHM KOflOM H, COOTBeTCTBeHHO, C flpyrHM KOJIHHeCTBOM nOpOJKflCHHblX nepHOflHHeCKHX Tpa- 

eKTopnii. IIocKOjTbKy BHyTpa KajKfloii h3 o6pa30BaBmHxca o6jiacTeH KOJiHHecTBO TpaeKTopHit 



H3MeHHTBca y>Ke ne MoaceT, to HHCJieHHbiii anajiHa flacT nojinyio KapTHHy. B neTBipex o6jiacTax 
flBnaceHHH HeT, b ocTajiBHBix KOJiHi^iecTBO TpaeKTopHH BapBHpyeTca OT oflfioPi flo naTH. Hccjie- 
flOBaHHe pasflejiaiomero MHoacecTBa, onpeflejiaMmero ycjiOBHa cymecTBOBaHHa h KOjiHMecTBa 

nCpHOflH'^ieCKHX TpaeKTOpHH SaKOHHeHO. 

7 SaKJiioHeHHe 

B pa6oTe npeflCTaBJieno nojiHoe anajTHTHHecKoe HCCjieflOBaHHe pasflejraromHx MHOJKecTB b npo- 
CTpaHCTBe napaMBTpoB sa^aHH o flBUJKeHHH rapocTaTa KoBajieBCKoii b abohhom nojie, CBasan- 
HBix c HajTHHHeM H 6H4)ypKau,HaMH BHyxpn coBOKynHOCTH KpHTHHecKHx TQi^ieK paHra 1 HHTe- 
rpajiBHoro OTo6pa>KeHHa. 06pa3 SToro MHoacecTBa b TpexMepnoM npocTpancTBe cymecTBCH- 
HBix napaMBTpoB HSOSHepreTH^ecKHx MHoroo6pa3Hit onpeflejiaeT aTJiac 6H4'ypKaLi,HOHHBix flHa- 
rpaMM. nojiy^ieHBi aBHBie ypaBHeHHa ([6]) h (|17p fljia noBepxHOCTCH b cocTaBe TaKoro aTjiaca, 
4)aKTHHecKH pemaioin,He neaBHBie ypaBHeHHa bbicokoh CTenenH, HOjiyienHBie b pa6oTe [3] h, mto 
em;e 6ojiee Ba>KHO, HCKjTiOHaioni,He HOCTopoHHne pemenHa sthx ypasHeHnft. B pesyjitTaTe nojry- 
Hena anajiHTHHecKaa ocHOBa fljia nojTHoii KJiaccH4)HKau,HH h BH3yajiH3an,HH 6H4)ypKaLi;HOHHBix 
flHarpaMM rapocTaTa KoBajieBCKOii b abohhom nojie. 
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